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Deferred-Correction Optimal Control with Applications
to Inverse Problems in Flight Mechanics

Carlo L. Bottasso* and Andrea Ragazzi'
Politecnico di Milano, 20158 Milano, Italy

We develop a numerical procedure for the inverse simulation of flight, formulated as an optimal-control problem.
The resulting method is general and applicable to both fixed and rotating wing vehicles. We use the p version of
the finite-element-in-time method, equipped with a deferred-correction acceleration technique for achieving the
desired level of accuracy in the response at a low computational cost. We test our numerical procedures with the

aid of some representative simulations.

Introduction

E study the inverse simulation of flight for both fixed and

rotating wing aircrafts. The problem is formulated by using
optimal-control theory. Numerical procedures for inverse problems
in flight mechanics have been presentedin Refs. 1-8. Among these,
Refs. 3 and 8 use optimal-control theory for studying the problem
of inverse simulation, and they are therefore closely related to the
present work.

Our numerical approach is based on a direct, finite-element dis-
cretization of the classic variational principle of optimal control.
This idea was first proposed in Ref. 9. References 10-15 detail the
application of this technique to all the major aspects of optimal
control, including control inequality constraints, state constraints,
unknown final time, and multiphase problems, and they present in-
teresting applications of this technique.

We proved in Ref. 16 that this procedure is equivalent to the use
of a certain class of global, implicit Runge-Kutta (RK) schemes.
This result is valid for the p version of the method, that is, for arbi-
trarily high order. Similar results were derived in Ref. 17 for initial
value problems. The analysis shows that the quadrature rule used
for evaluating the integrals in the weak form plays a major role,
in practice determining the algorithmic properties of the resulting
finite-element-in-time (FET) scheme. Using the Gauss-Legendre,
Lobatto, and Radau-Left quadrature rules, one obtains FETs that
correspond to the Kuntzmann-Butcher (Gauss), Lobatto I1IB, and
Radau IA RK schemes, respectively. The first two are effective
solvers for boundary-valueproblems. In fact, the publicly available
codes COLNEW'® and ACDC'" are respectively based on Gauss
and Lobatto IITA RK schemes.

Notwithstandingthe equivalenceof the methods, we believe there
is still a motivated desire to look at FETs. For example, some new
developments such as a posteriori error estimation might be easier
to accomplishin one framework rather than another2? Furthermore,
additional insight can usually be obtained by a unified view of any
given problem.

The solutionof aninverse problemby the optimal-controlmethod
implies having to deal with the solution of a differential algebraic
boundary-valueproblem defined over the whole maneuver interval.
Discretization by FETs in turn requires the solution of a nonlinear
global problem on a given mesh. The system of discrete equations
is obtained by assembling the contributions from each element and
appending the other boundary and constraint conditions. Although
the resulting matrices are banded and highly sparse, the desire for
very quick response times and high numerical performancecalls for
efficient acceleration techniques.
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It is well known that, for smooth problems, p adaptionyields fast
convergenceto the desired level of accuracy. Unfortunately, raising
the order of the method requires a solution of increasingly complex
and expensive discrete operators. A way to circumvent this problem
is represented by the deferred-correctiontechnique. The basic idea
of deferred correction is to keep the size of the discrete operator
fixed, while improving its accuracy through clever, cheap estimates
of the local discretization error.

In this work we develop a deferred-correction procedure for
the FET formulation of optimal control. Deferred correction has
been extensively studied in the context of global RK methods for
boundary-valueproblems ?! ~2* Here we adaptsimilarideasto FETs.
The computation of the correction terms is obtained element by
element, in the sense that it does not require the solution of a global
problem. This results in a particularly efficient procedure. Our cur-
rent implementation gives uniform p refinement over the whole
mesh. Future investigations will study the possibility of applying
selected local corrections based on error estimates, a potential way
of achieving further numerical efficiency through local p adaption.

The procedureis tested on some representativenumerical simula-
tions of fixed and rotating wing aircrafts. The method is formulated
in such a way as to be completely independent of the particular
type of vehicle being studied and of the particular maneuver being
simulated. It allows one to deal with coupled nonlinear inertial and
aerodynamic models with no particular difficulty. This would seem
to be a desirable characteristic of any versatile simulation tool.

Boundary-Value Problems

A generic boundary-value problem can be defined in terms of a
system of first-order ordinary differential equations (ODEs),

y=80.z,1) (1a)
possibly subjected to the algebraic constraints
a(y,z,1) =0 (1b)

where (o) =d ¢/dt, yeRY, zER?, t €R, g:RY XR? XR— RY,
a:RY XR? XR— R?.Herel =[0, T]isthetime domain. Suitable
boundary and additional constraint conditions are given as

Cly(0),»(T), T1 =0 (1c)
This format covers a wide range of applications, in particular

optimal-control problems with or without unknown terminal time
and path constraints.

Optimal Control Problems

Let us considera dynamical system with n statesx and m controls
u, governed by the following set of ODEs:

X =f(x,u,1) 2
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The g constraintson x at 0 and T are given as
P[x(0),x(T), T1=0 (3

Boundary conditions on the states can be included in this term. A
performanceindex J is defined as

’
J := ¢[x(0), x(T), T] +/ Lix(t), u(t), t]dt “)
0

The problemis to find # and x that, satisfyingthe equationsof motion
and the constraints,minimize J. Adjoiningthe system ODEs (2) and
constraints (3) with multipliers A and v to J, we get

J_=¢+V'¢+/[L+>\'(f—5f)]dt ®)
0

The stationarity of J yields the optimum control differential alge-
braic equations

x=f(x,u,1) (6a)
oHT oLT  ofT

= - = ——— LA (6b)
ox ox ox

oHT  aLT  ofT
0= = + LA

ou ou ou

subjected to the boundary conditions

oo\

A(0) = - (-) (7a)
ox 0
A

A(T) = <_> (7b)
ax t=T

L+ X +£ =0 (70)
f ot t:T_ ¢

$[x(0), x(T), T] =0 (7d)

(6¢)

H is the system Hamiltonian, defined as

H:=L+X-f (8)
whereas function @ is defined as

O:=¢p+v-y 9)

This problem follows within the definition of the general problem
of Eqgs. (la-1c) and results in an index-one differential algebraic
boundary-valueproblem. Conceptually minor alterationsto this ba-
sic framework allow us to treat problems with interior point con-
straints, possibly at unknown intermediate times, and multiphase
problems >

Finite-Element-in-Time Methods

We select a mesh 7 for the solution of Eqs. (1a-1c¢), partitioning
I according to

0=t <thh<- - +<tyy1 =T (10)

and we let h, :=1,,, — t,. We consider global methods,?® that is,
methods that produce an approximate solution representation over
the entire interval of interest. In the terminology of the finite-element
method, these procedures assemble the equations over the whole
interval. Alternative strategies are based on the solution of corre-
sponding initial value problems, for example shooting and related
techniques. A general reference on these topics is Ref. 26.

A general framework that unifies most known FET formulations
was first proposedin Ref. 27, and it was discussed again in Ref. 17.
It turns out that FET methods can be divided in two families: meth-
ods that are “symmetric” with respect to the direction of time, and
methods that are not, and therefore provide some form of informa-
tion “upwinding.” Here we are interested in the former methods,
termed in Ref. 27 the bi-discontinuous (BD) FETs; the latter, the

singly discontinuous(SD) FETs, are mostly suited to the integration
of large sets of equations resulting from the semidiscretization of
partial differential equations (PDEs). Further background informa-
tion on these and related methods can be found in the references
cited in Ref. 20.

FET methods are based on the approximation of a weak form of
Egs. (1a-1c):

/[v-(y'—g)+w-a]dt+0-c=0 (11)
1

In practice, one seeks a solution that satisfies in a weak sense
Egs. (1a), (1b), and the boundary conditions (1c). Integration by
parts of the first term of Eq. (11) yields

/(""'Y"'V'g_w'u)dt:"')"a/+0'C (12)
I

where 01 is the boundary of /.

Under certain circumstances, weak forms (11) and (12) can be
given a variational interpretation;see, for example, Ref. 17. This is
also the point of view given in Ref. 9.

The approximation of Eq. (12) is developed as follows. We con-
struct finite-dimensional trial function spaces Y"*, Z" as

Yt = {yh € [Pk"(l,,)]y},
and test function spaces V", W" as

yh :={v” € [Pk”(l,,)]y},

7=l e[pean]’} as

W= {wh € [Pk“‘(l,,)]z} (13b)

Here P* denotes the space of the kth-order polynomials. Within the
nth time element, the finite-element trial solutions are defined as

', =0
Y =X s (o 0<t<l
yr =1 (14a)
ke + 1
20 =) s (0, 0<r7<l (14b)
i=1
and the weighting functions are given as
kv + 1
V() =) s (o, 0<r<l (14¢)
i=1
ky +1
wh(t) = s (T)w;, 0<t<1 (14d)

i=1

with 7 =(t — t,)/(t,+, — t,). Here y;, z;, v;, and w; are the vec-
tors of nodal unknowns and test functions for node i. Clearly, the
¥i, z; depend on n, but this dependence is not reflected in the nota-
tion. s;” (), 5°(7), s/ (), and s/ (7) are the finite-element shape
functions of order k,, k., k,, and k,, , respectively, for node i.

Note that, from Eq. (14a), the trial solutions y" are continu-
ous within each time element, but discontinuous across the inter-
face of the elements, namely at times f, t,, ..., fy+, Where we
have the discreteboundary valuesy', y%, ..., y¥ *!. Note then, from
Eq. (14b), that also the trial solutionsz" are discontinuousacross the
element interfaces, but in this case there are no discrete boundary
values at the boundary times. However, these values can be com-
puted a posteriori so that the solution lies on the manifold, using

u(yn+l’zn+l’tn+l)=0 (15)

In conclusion, we are looking for solutions y" € Y, 7" € Z" that
satisfy

/ By + v gy 2 —whea(y" 2" nlde =v" -y,
In

n=1,...,N (16)
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forallv" € V', w" € W", We choose for simplicityto drop the bound-
ary condition term @ - C from the following discussion because it
does not require discretization. Furthermore, for a lighter notation,
we omit in the next pages the superscript ()",
An inspection of Eq. (16) leads to the following choice for the
order of the test and trial finite-element shape functions:
ky, =k, =k, =k, — 1 a7
Finite-Element-in-Time Methods
for Optimal-Control Problems

Reference 9 developed a numerical FET procedure for optimal-
control problems, based on a direct discretization of the first varia-
tion of the performance index. This is a specializationof the above-
presented formulation for generic boundary-valueindex-one differ-
ential algebraic problems. Reference 28 developed an hAp-FET pro-
cedure for generic two-point boundary-value problems, which also
falls within the above-discussed framework. Reference 16 shows
that the procedurein both cases is equivalentto the use of a global,
implicit RK scheme. This result is valid for the p version of the
method, that is, for arbitrarily high order. The analysis shows that
the quadrature rule used for evaluating the integrals in the weak
form plays a major role, in practice determining the algorithmic
properties of the resulting FET scheme. Using the Gauss, Lobatto
and Radau-Left quadraturerules, one obtains FET's that correspond
to the Kuntzmann-Butcher (Gauss), Lobatto IIIB, and Radau IA
RK schemes, respectively.

Deferred Correction

Iterated deferred correction is widely used for the efficient nu-
merical solution of boundary-value problems, because it allows
high-orderformulas to be implementedat reasonablecomputational
costs.

Letus consideraboundary-valueproblem,andlet ¢, be a p-order
method used for its solution. We have

®,(n,) =0 (18)

where 77, is the numerical solution on mesh 7 that approximates
the restriction of the exact solution 7} to =, indicated as An. The
local discretizationerror 7(1n) is defined as

T(n) :=¢,(An) (19)

It is clear that, knowing 7(7n7) we could solve Eq. (19) to get the
exact solution. The basic idea of deferred correction is to estimate
T(n) through some operator €, and to solve

¢,(7,) = €(n,) (20)

where 7, is now a better approximationto A than 7.
Skeel* has given the following fundamental order result for 7 ..
Theorem 1: Consider a stable numerical method ¢ and the fol-
lowing conditions for Eqs. (18) and (20).
Dln, — Anll =0(h?)
2) le(Am) — p(Amll =O(h?*7)
3) lle(AOI =0
for arbitrary functions ¢ with atleastr continuousderivatives.Then,
it follows that

7, — Anll = O™ ")

Since the seminal work of Fox,*® the method has evolved consid-
erably. Reference 31 proposedusing the following general approach
for defining e:

¢,(n;) =0 (21a)
b,(N:) =,(N) = D0 (1) (21b)

Cash has used mono-implicit®' and Lobatto?® RK formulas, obtain-
ing variable-orderdeferred-correctionschemes.

Deferred-Correction and
Finite-Element-in-Time Methods

Iterated deferred corrections can be used to accelerate FET pro-
cedures. We use the approach sketched in Egs. (21a) and (21b) and
adaptit to the FET framework.

An initial order p solution is computed by solving the global
problem

A:zvzl = / By yp +v,-8¥p.2p, 1) =Wy -a(yp, zp, H1ds
I”

_Vp'.)’p|a/,,} =0 (22)

obtained by assembling the elemental contributions (16) over the
whole interval. The subscript(®), indicates the order of the method
adopted, and A(®)"_, is the assembly operator for elements from 1
through N.

As a second step, n independentlocal initial value problems are
solved by using an order p + r method, with initial values y,(z,)
given by Eq. (22):

/[‘.’p+r “Yp+r + vp+r'g(yp+rszp+rst)
In

—Wpsr @ YpsrsZptrs t)]de =Vp+r-® yp+r|t:t,,+|

n=1,...,N (23)

_vp+r 'yplt:tnv

These local subproblems yield the values y, + (%, + 1) that are used
in the next step for constructing the corrections.

Finally, a corrected order p + r solution is computed by solving
the global problem

Arlz\lli/‘[vﬁ 'yp+r + vﬂ 'g(yp+rszp+r,t)
In
—W, 'u(yp+r72p+rst)]dt —Vp (yp+r - 6)|t:t,,+|

+Vp'_)_’p+r|tt,,} =0 (24)

with
6=yp+r_yp (25)

Alternative strategies for evaluatingthe errorare possiblein the FET
framework, as explored, for example, in Ref. 20.

Validation of the Numerical Procedure

Here we validate the proposed numerical procedure, solving two
simple optimal-control problems whose solution is given in closed
form in Ref. 25.

We consider a particle of mass m, moving in the plane x-y and
subjected to a constant acceleration a. The velocity components
of the particle along x and y are noted u and v, respectively. The
angle B between the accelerationvector and x represents the control
variable of the problem. In the first example, we want to transfer
the particle to a path parallel to the x axis, a distance 4 away, in a
given time 7', arriving with the maximum possible value of u. In
the second example, we want to transfer in minimum time the same
particle to the same trajectory, but with given final velocity U.

In both cases, we start generating a first solution with a FET
method of order p. The solution is then improved by using the
deferred-correctiontechnique based on a formula of order p + 2. In
all cases, numerical quadrature is performed by using the Gauss—
Legendrerule. We consider the case in which the number of quadra-
ture points is the same as the number of finite-element nodes. This
ensures that the resulting solution is equivalent to the one obtained
by using a Kuntzmann-Butcher RK scheme, which implies inter-
esting numerical properties.!” The local mesh size &, is selected as
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Fig. 1 Transfer to a rectilinear path: fixed final time, second-order
base scheme with and without correction. Solution error vs number of
time elements.
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Fig.2 Transfer to a rectilinear path: free final time, second-order base
scheme with and without correction. Solution error vs number of time
elements.

(T —15)/ N for all valuesof n. The solutionis based on the Newton-
Raphson method, with an exact tangent matrix. The control values
at the element interfaces are recovered by using the optimal condi-
tion (6¢).

Forthe firstexample,we seth =100m, T =20s,and , =75deg.
For the secondexample, we seth =100m, U =10 m/s, and aninitial
control value B, =60 deg.

For the fixed final time problem, Fig. 1 gives the percent error
between the computed and exact final values of the control and
of the particle velocity, as a function of the number of time steps.
The second-order accurate scheme (k, =0) was used for the base
solution,and the figure shows that the corrected solutionachievesan
order of four. We also tested the base fourth-orderscheme (k, =1),
obtaining an order of six in the corrected solution.

For the free final time problem, Fig. 2 gives the percent error
between the numerical and analytical solutions of the final control
and time, as a function of the number of time steps. The base scheme
used was the second-order one (k, =0), and the figure shows that
the corrected solution is of the order of four. Correction of the base
fourth-orderscheme (k, =1) gave an order-six method even for this
example.

These results show that the proposed deferred-correctionscheme
allows one to obtain an order p + 2 solution, correcting a base p
scheme with a p + 2 method.

Inverse Flight Simulation

Here we study the application of the proposed method to the
inverse simulation of flight. The first two examples presented in the
following pages analyze the fixed wing case; the third and fourth
ones regard the rotating wing case.

The state equations are the classical equations of flight mechan-
ics®? and are written as

i=—qgw+rv—gsind+ X*/m (26a)
Vv =—ru+ pw+ gcosOsing + Y*/m (26b)

W =—pv+qu+gcosOcos¢p + Z/m (26¢)

p=lU—1,+ 1)/ pq—[(12= 1,1+ 12)| J]qr

+ I.NAJ + LY J (27a)
g =/ L) = p) + [, = L)/ LIrp + M/, (27b)
F==[( =1, + 1) Iqr + [(12 = 1,1, + 12)| T]pg

+ I,N4/J+1,.L%J (27¢)
with J =11, — I2,

y = sin y cos Qu + (sin y sin@sin ¢ + cos y cos ¢)v

+ (sin y sin@cos ¢ — cos y sin ¢)w (28a)
Z = —sinOu + cosOsin @v + cos O cos pw (28b)
¢ = p + sin ¢ tanOg + cos ¢ tan Or (29a)
0 =cos¢q — sin ¢r (29b)
v = (sin¢/cos0)g + (cos ¢/cosO)r (29¢)

Functions L(x, u, t) and ¢ (x, t), which define the performance in-
dex, are chosen as

L = £(dA? + dE? + dR* + dT?) (30a)

¢lx(2), 1] =0 (30b)

dA, dE, dR, and dT are the control deflections from the reference
flight conditions. For the fixed wing case, A is the average aileron
deflection, E is the elevator deflection, R is the rudder deflection,
and T is a quantity related to the throttle angular position. For the
rotating wing case, A is the later cyclic, E the longitudinal cyclic,
R the tail collective, and T the main rotor collective.

In order to prescribe the selected maneuvers, the time histories of
the roll angle ¢, the z coordinate of the center of mass of the vehi-
cle, and the v velocity component are imposed as constraints. The
constraints are derived with respect to time a sufficient number of
times in order to get explicit dependence on the controls (reduction
to index-one form). Another constraint ensures that a straight level
flight path is recovered at the termination of the maneuver.

In practice, through this process we will determine,among all the
possible solutions to the inverse problem of flight, the one that mini-
mizes the control deflections and satisfies all the path and boundary
constraints. It is clear that many other definitions of the perfor-
mance index and of the constraints are possible within this same
framework. For example, one could easily analyze minimum time
maneuvers. Or one might want to consider constant throttle ma-
neuvers, because this control can be considerably “slower” than the
others. Many other choices are possible,dependingon the particular
problem being studied; these choices are, however, easily handled
in the context of the general optimal control theory.

For all simulations reported in the following paragraphs, the base
solution is the second-order scheme denoted by k, =0 and Gauss
quadrature, and the nonlineardiscrete equationsare solved by using
the Newton-Raphson scheme with an exact tangent. For the fighter
simulations, the Levenberg-Marquardt algorithm was used for its
greater robustness.

Fixed Wing Case

We consideran A-4D in symmetric straightlevel flightat 4572 m,
at a speed of Uy =193.24 m/s. The aircraft data are taken from
Ref. 33.

The problem can be simplified by imposing that the u velocity
component is constant and equal to U,. L can then be redefined in
this case as L =2(dA”> + dE* + dR?), and the thrust values can
be recovered a posteriori once the solution has been computed.
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360 Degree Roll
The aircraft must complete a 360-deg roll in T seconds. The
constraint reads

¢ — (2n/16)[cos(3xt/T) —9cos(nt/T) + 8] =0 (31

The straight level flight condition at the end of the maneuver is
imposed as

Yx(T), T1=(y,z,v,w,0,w,q,r)" =0 (32)

We set T =6 s. The simulation results are given in Figs. 3 and 4.
Note that the trajectory in the y-z plane remains confined to a re-
gion close to the origin. The vehicle starts moving in the positive y
direction, and then it moves in the opposite negative direction. This
is accompanied first by a gain in altitude, followed by a return to
the original z value. The deflection of the control surfacesis always

15, 400
10) < 300
g
3
E o
= 5] D 200
N <
3
0 T 100
-5 0
24 2 0 2 4 0 2 4 6
Y [m] ts]

-4

Sideslip Angle [deg]
|

N <o

Pitch Angle [deg]

b o o 3

!
PR
@
=)
n
o

s sl

@
=}

Angle of Attack [deg]
)
(4] f=}
Yaw Angle [deg]
L
o l‘.ﬂ o o

=3
<
N
@

4
ts] tls]

Fig.3 360-deg roll maneuver of an A-4D aircraft.

N
o
@

Roll-Rate [rad/s]
< o =
=S S N S < )
N >
Aileron [deg]
o L\ o (=]

L

&
o
~
@

|
IS
r
IS
o

t[s] ts]

Yaw-Rate [rad/s]
1 1
(=] o
B N o
Elevator [deg]
I{J (=] N £y

|
o
a
N

o

~
IS
@

t(s] tls]

-2|

Pitch-Rate [rad/s]
1
o o
[\ < n
Rudder [deg]

'
<o

04 % 2 4
tis] tls]

o
IS
@
@

Fig.4 360-deg roll maneuver of an A-4D aircraft.

0.015 15
0.01 10
=]
0.005 g 5
E o
= 0 @ 0
N <
~0.005 3 -5
o
-0.01 -10]
0045 -5 0 5 10 1% 5 10 15 20
Y [m] ts]
3 0.
s 2 _ o018
g =)
ke @
= ! k]
z e 01
g =3
< 0 g
2 < o005
g 2
b=} o
@« > o
_ _0.05
0 5 10 15 20 0.0% 5 10 15 20
t[s] ts]
0.04 4
< 0.03
g B 2
< 002 3
g ©
Z 001 2 0
- <
[s}
2 0 g
2 > 2
< -0.01
005 5 15 20 ) 5 15 20

10 10
t[s] t[s]

Fig.5 Prescribed bank-to-bank maneuver of an A-4D aircraft.

contained to acceptable limits. The aileron deflection maintains the
same sign throughout the maneuver, and this is due to the need to
rotate the aircraft about the roll axis always in the same direction.
The same example was analyzed in Ref. 8. Although we used a
different inertial model of the vehicle and a different approach for
enforcing the constraints, the results are in close agreement.

Bank-to-Bank Maneuver
The aircraft must complete a maneuver characterized by the fol-
lowing time history of roll:

¢ — (2/273)[=sin(4xt/ T) + 2sin2xt/T)] =0 (33)
and by a constant altitude
z2=0 (33b)
1) is in this case selected as
YI(T), T = (y,v,w, v, q,r)" =0 (34)

Figures 5 and 6 give the time histories of the states and controls,
computed for a maneuver duration of 7 =20 s and using a grid of
30 finite elements. The flight path is denoted by an almost constant
altitude. First, the vehicle moves toward the left and then toward the
right, because of the negative rotation about the yaw axis. Even in
this case, the deflection of all the control surfaces is limited. The
deflections of aileron and rudder are finalized to the achievementof
the desired time history of roll, whereas the deflection of the elevator
is almost null. This is a result of the limited movement about the
pitch axis, implied by the imposition of the fixed altitude constraint.
A similar example was analyzed in Ref. 8.

Rotating Wing Case

Rotating wing inverse problems are analyzed, with results similar
tothe onesherereported,in Refs. 2 and 5. Here we considera UH-60
helicopter in straight symmetric level flight at sea level, at a speed
of Uy =35 m/s. The aircraft data are taken from Ref. 34.

The problem can be simplified by eliminating the y component
of the position vector and the y orientation parameter. Both states
can be recovered a posteriori, once the solution has been obtained.

Hurdle Hop
The helicopter must complete a hurdle-hop maneuverin 7T sec-
onds, with null sideslip, simulating a terrain-following maneuver.
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Fig.7 Hurdle-hop maneuver of a UH-60 helicopter.

The constraints read
7+ (40/16)[cos37(2t/T) —9cosn(2t/T)+8] =0 (35a)
and
v=0 (35b)
1) is given by
Y =@w=35w.¢4,p,q,1)
=0 (36)

We select T =10 s and use 30 time elements within this interval.
The results are shown in Figs. 7 and 8. Note how the helicopter
moves toward the positive values of y during the maneuver. The tail
collective, as expected, closely follows the time history of the main
rotor collective.
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Fig.8 Hurdle-hop maneuver of a UH-60 helicopter.
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Fig.9 Level turn maneuver of a UH-60 helicopter.

Level Turn

The helicopter must perform a level turn of 90 deg in T seconds,
with given roll time history and null sideslip. The constraints read
in this case

¢ — (n/64)[cos3m(t/3) —9cosn(t/3)+ 8] =0, 0<t=<3s

¢ —n/4 =0, 3<t<Ts

¢ — (2/4)(1 = £{cos3x[(t — 7)/3]
—9cosx[(t — 7)/3] + 8}) =0, 7<t<10s (37a)

z=0 (37b)

v=0 (37C)
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Fig.10 Level turn maneuver of a UH-60 helicopter.
1) is given by
-
Yx(T), T] = (u—-35w,q,r)
=0 (38)

We set T =10 s and use 30 time elements. The results are presented
in Figs. 9 and 10. The helicopter realizes the imposed turn, with
negligible change in altitude. The main rotor collective generates
the force required for curving the flight trajectory. The later cyclic
is first negative and then positive, allowing the forces generated by
the rotor to be oriented. Its time history is analogous, although with
a different sign, to the time history of the tail rotor collective.

To assess once more the order increase achieved by means of
the presented deferred-correction technique, we solved the same
problem on a mesh of 50 time elements. The slope of the roll error
versus the number of elements was found to be equal to —2.23
for the base scheme, whereas it rose to the value of —4.79 for the
deferred-correctionmethod.

Conclusions

We have developed a deferred-correction optimal-control FET
procedure for the solution of inverse problems in flight mechanics.
Optimal-controltheory givesa solid backgroundfor the study of this
class of problems. FETs give a strikingly simple way of derivingan
efficient numerical scheme from the basic variational principles of
the classic theory. Furthermore, FETs are in reality global implicit
RK schemes, which are among the most studied, well understood,
and trusted numerical technologies available today. All these fea-
tures give a simple, straightforwardmethod that is also highly robust
and flexible. Versatility and generality is a key point: the developed
procedures can accommodate different models of flying vehicles
and of their aerodynamic characteristics. The models adopted can
thenbe tailoredto the particularrequirementsof the analysis without
the need to resort to new methods.

We have applied a deferred-correction acceleration technique
to the basic FET procedure. This gives a uniform p-refinement
method without requiring the computational costs associated with
the solution of higher-order discrete operators. The implementa-
tion is based on an efficient element-by-element construction of
the correction terms. Future investigations will have to address the
implementation of local acceleration techniques, which could fur-
ther enhance the method by locally p-refining the mesh only where
needed by the features of the solution.

We have tested our numerical procedures with the help of simula-
tions of both fixed and rotating wing aircrafts. The results obtained
are encouraging,and they confirm the basic features of the proposed
methodology. It is also clear that the same numerical technique is
of general applicability, and it can be used unchanged for optimal-
control problems other than the inverse problems of flight mechanics
studied here.
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